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1. Introduction 

Fatigue is a well-known technical problem where damage is accumulated due to repeated application of stresses or 
strains which may induce crack nucleation, followed by crack propagation leading material to failure under loading 
conditions well below the static strength of the material in question (Suresh, 1998). 

This issue became a subject of interest in a context when Europe was experiencing the industrial revolution. The 
increase in production was accompanied by an enhancement in the railroad network, where trains were operating for 
longer periods and travelling longer distances to meet the also growing demand in increasingly further markets. 

In the mid-1800s, several fatigue failures were being reported, as axles began to present failures despite being 
subjected to loads far below the static strength of the material (Schijve, 2009). Within this context, the German 
engineer August Wöhler proposed the S-N curve, establishing a relation between the cyclic stress amplitude and the 
fatigue-life that such component is expected to endure. This breakthrough provided means to a better selection of 
materials, thus yielding a safer project design. 

Many studies were dedicated to better understand the mechanisms that led to fatigue failures, and much has been 
learned. However, up to this date, the evaluation of fatigue behaviour of metallic materials is still very commonly 
addressed by using conventional uniaxial fatigue theory, which may not be the best suited approach to components 
that are known to experience non-trivial cyclic stress states throughout their operation. 

Such conditions demand a more robust theoretical approach in order to adequately predict the fatigue behaviour of 
the component in question. Several multiaxial fatigue criteria have been proposed and are widely available in the 
literature (Marquis & Socie, 2000). 

Regarding the context of this study, fatigue failures of motor crankshafts operating in thermoelectric power plants 
are recently being reported. Since thermoelectric power corresponds to a significant share of the Brazilian energetic 
matrix, the comprehension of such failures becomes of great importance. 

Forged in 42CrMo4 steel, the material properties (endurance limits) were determined by the authors in recent 
studies (Castro, 2019; Machado et al., 2020). In addition, a finite element (FEM) analysis, which was previously 
carried out to determine the stresses acting on the crankshaft was also considered as input data for the present work. 

Six critical plane-based multiaxial fatigue criteria, namely Findley (Findley, 1959), Matake (Matake, 1977), 
McDiarmid (McDiarmid, 1987), Susmel & Lazzarin (Susmel & Lazzarin, 2002), Carpinteri & Spagnoli (Carpinteri & 
Spagnoli, 2001) and Liu & Mahadevan (Liu & Mahadevan, 2005), as well as a mesoscopic scale-based criterion, 
namely Papadopoulos (Papadopoulos et al., 1997), were considered to evaluate whether such loadings are adequate to 
the materials which are used to forge the crankshafts. 

Theoretical predictions were carried out by comparing the left-hand side (LHS) with the right-hand side (RHS) of 
the criteria’s expressions, allowing one to assess whether or not such loading conditions are expected to drive material 
to fatigue failure. The mentioned relative difference defines the error index 𝐼𝐼𝐼𝐼, and the criteria’s prediction are then 
compared to the experimental observations. 

An additional set of critical loading conditions (Papadopoulos et al., 1997) was considered. Such loading conditions 
are expected to drive the material to the limiting state of fracture or non-fracture in the order of one million cycles. In 
theory, they should yield error indices that approximate zero, as the LHS (associated to the driving force to failure) 
should approach the RHS (which is associated to the material’s fatigue resistance limit). However, by considering the 
experimentally obtained fatigue resistance limits (Castro, 2019; Machado et al., 2020), variations in the error indices 
may be expected, allowing one to adequately conclude over the conservativeness or non-conservativeness of the 
involved criteria. 

2. Materials and methods 

The present study considered specimens which were extracted from a crankshaft which presented early failure while 
in operation. Broadly speaking, the connecting rods of the crankshaft are attached to the pistons on one end and to the 
crankshaft’s crankpin journals on the other. The up and down motion of the pistons inside the cylinder bores puts the 
crankpin journals into motion, as firing sequence imposes an adequate sequence of torques to the crankshaft making 
it revolve. Since the crankpin journals are offset to the main journal centreline (by what is known as the crank radius), 
the crankpins describe circles of their own. 
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The studied crankshaft has 10 crankpin journals, each one presenting 2 connecting rods assembled to it. The 
assembling points impose cyclic stresses to the crankshaft, yielding 20 different critical points along the crankshaft’s 
length. The critical points in the crankpin journal are close to the spot where the connecting rods are connected, where 
a change in geometry can be observed, leading to geometric stress concentrators. 

Crankpin journals are numbered from 1 to 10, while the critical points per crankpin are identified as A and B. 
Accordingly, the critical points throughout the crankshaft can be identified as A01, B01, A02, B02 and so on. Fig. 1 
(a) and (b) illustrate the crankshaft, where the relevant parts are identified, while Fig. 2 depicts fatigue crack in the 
crankpin journal (which nucleated on the critical point) and how it propagated. 

 

2.1. Input data 

The crankshaft was forged in DIN 42CrMo4 steel, with the chemical composition and mechanical properties 
presented in Table 1 (Peixoto, 2018) and Table 2 (Castro, 2019; Machado et al., 2020). Scanning electron microscopy 
(SEM) revealed 95 particles/mm2 (non-metallic inclusions) and the threshold stress intensity factor for crack 
propagation was experimentally determined as ΔKth=10.50 MPa√m (Peixoto, 2018). 

 
 

a  b  

Fig. 1. (a) Illustration of the crankshaft; (b) identification of the relevant parts 
 

a  b  

Fig. 2. (a) Fatigue crack nucleation spot; (b) fatigue crack path 
 
Using strain data that was obtained from the crankshaft while in operation, a finite element analysis method prior 

to the present study was carried out, and the obtained stresses acting on the 20 critical points along the crankshaft were 
considered as input data (Schwaben, 2015).  

The full cycle of the considered crankshaft involves 2 complete revolutions of the axis (720°). For considered 
increments in angular position of 1 degree, for each angular position the critical points are subjected to a different 
stress state. Thus, each critical point yields 720 stress tensors within a full cycle of the crankshaft. Fig. 3 depicts the 
stresses acting on the critical point B06. 

 

 



304 T.L. Castro  et al. / Procedia Structural Integrity 39 (2022) 301–312
4 Author name / Structural Integrity Procedia  00 (2019) 000–000 

Table 1. Chemical composition of the DIN 42CrMo4 steel (Peixoto, 2018) 

DIN 42CrMo4 

Fe (%) C (%) Mn (%) Si (%) Cu (%) Cr (%) V (%) Mo (%) Ni (%) 

96,9 0,38 0,85 0,27 0,18 0,97 0,01 0,2 -- 

 

Table 2. Mechanical properties of the DIN 42CrMo4 steel (Castro, 2019; Peixoto, 2018) 

Mechanical property  

Yield stress, σy 715 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 

Ultimate tensile stress, σu 906 MPa  

Young’s modulus, E 210 GPa 

Fatigue resistance limit (bending), f-1 357 MPa 

Fatigue resistance limit (torsion), t-1 275 MPa 

Threshold stress intensity factor, ΔKth 10.50 MPa√m 

 

2.2. Experimental scenario 

Experiments were carried out at University of Brasilia (UnB), using a MTS-809 axial/torsional test system, depicted 
in Fig. 4. The load cell manages to apply 100 kN and 1100 Nm. Experiments were conducted with frequencies between 
10 Hz to 15 Hz. 

 
 

 

Fig. 3 – Stresses acting on critical point B06 throughout the 720° cycle of the crankshaft 
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Fig. 4 – Axial/torsional fatigue testing system at University of Brasilia (UnB) 
 
Since the testing system can only simultaneously apply an axial and a torsional load, an adequate methodology is 

required to translate the FEM-extracted stresses into a loading condition that can be experimented. 
For each critical point, the maximum and the minimum principal stress were collected, allowing one to determine 

a stress amplitude σa = (maxσ1 - min σ1) 2⁄  and a mean normal stress σm = (maxσ1 + min σ1) 2⁄ . The shear stress 
amplitude, in turn, was obtained by inspecting the maximum value of τa=(σ1-σ3)/2 . Since a superimposed mean 
shear stress should not affect the fatigue resistance limit in very high cycle fatigue, the present study considered the 
shear stress amplitude as equivalent to the maximum observed value of (σ1 − σ3)/2. The described procedure applied 
to B10 is illustrated in Fig. 5. 

 

Fig. 5. Procedure to determine the biaxial stresses relative to critical point B10 
 
The stresses are summarised into Table 3, which correspond to the most severe loading conditions extracted from 

the FEM. Lower loading conditions were discarded, as they were very unlikely to drive the specimens into fatigue 
failure. The apostrophe indicates the presence of a mean normal stress. 

The most severe loading conditions, one in-phase (B06’) and another one out-of-phase (B03’), were selected to be 
the first ones to be experimented. Each loading condition should be tested at least twice, and the run-out limit was 
defined as 10 million cycles. Phase differences larger than 359° are a consequence of the fact that the full cycle of the 
crankshaft requires 2 whole revolutions. Authors were aware of the fact that this would have to be addressed should 
the necessity arise. 

 

 

Angle 
 

Angle 
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 Table 3. FEM-extracted loading conditions 

Loading condition σa [MPa] σm [MPa] τa=(σ1-σ3)/2 [MPa] β [°] 

B03’ 54.12 41.31 111.60 235 

B05’ 50.08 48.86 85.09 447 

A06’ 71.12 62.77 82.22 293 

B06’ 98.23 97.41 100.91 0 

A07’ 80.51 79.18 88.11 1 

B10’ 100.70 97.03 94.92 0 

 
Presented in Table 4, two additional loading conditions B06 and B03, which are correlated to B06’ and B03’, are 

presented. The difference is that B06 and B03 maintain the highest stress levels of B06’ and B03’, but they are fully 
reversed loading conditions, i.e., there is no mean normal stress involved. This approach neglects the effect of the 
normal mean stress, but in turn yields a much larger stress amplitude. 

Being slightly more severe than the ones including mean normal stress, B06 and B03 were to be put to test in case 
both specimens of B06’ and both specimens of B03’ yield run-outs, as an attempt to verify how far B06’ and B03’ are 
from a critical state of failure due to fatigue. 
 

Table 4. FEM-extracted loading conditions without mean normal stress 

 σa [MPa] τa=(σ1-σ3)/2 [MPa] σa [MPa] 

B03 95.43 111.60 235 

B06 195.63 85.09 0 

 

2.3. Critical loading conditions 

Relative to the 42CrMo4 steel, a critical set of loading conditions was firstly reported by Zenner (Zenner et al., 
1985) and further replicated by Papadopoulos (Papadopoulos et al., 1997). These loading conditions are expected to 
drive the 42CrMo4 steel into the limiting state of fatigue failure in the order of 1 million cycles, and they may well 
serve as a benchmark comparison for the FEM-extracted loading conditions. 

Six critical plane-based criteria were selected, namely Findley, Matake, McDiarmid, Susmel & Lazzarin, Carpinteri 
& Spagnoli, Liu & Mahadevan, as well as a mesoscopic scale-based criterion, namely Papadopoulos. Even though the 
latter is independent of critical plane determination, which makes it unique relative to the others, all the mentioned 
criteria work in a similar manner, which is by comparing the relative difference between the left-hand side (LHS) of 
the equation, associated to the driving force to fatigue failure, with the right-hand side (RHS) of the equation, 
associated to the materials fatigue resistance limit. 

The error index 𝐼𝐼𝐼𝐼, presented in eq. (1), can be defined to assess the relative difference between LHS and RHS. It is 
important to point out that positive values of I indicate that the driving force to failure exceeds the material’s fatigue 
resistance limit, suggesting that fatigue failures is likely to take place. On the other hand, negative values of I indicate 
that the materials resistance to fatigue is greater than the driving force to failure, and thus no fatigue failure should be 
expected. 

𝐼𝐼𝐼𝐼 =
𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 − 𝑅𝑅𝑅𝑅𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿

𝑅𝑅𝑅𝑅𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
(1) 

The critical loading conditions in question are available in Table 5. Since they are expected to drive the material 
into a critical state in the eminence of fatigue failure, it is expected to achieve a situation where LHS equals the RHS, 
thus yielding I=0.  While this statement may be true, it is only applicable to the theoretical fatigue resistance limits 
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that are available in the literature, which are f-1 = 398 MPa and t-1= 260 MPa, respectively for bending and torsion 
conditions.  

 

Table 5. Additional set of critical loading conditions for 42CrMo4 (Papadopoulos et al., 1997; Zenner et al., 1985) 

 σa [MPa] σa [MPa] τa [MPa] τm [MPa] σa [MPa] 

A 328 0 157 0 0 

B 286 0 137 0 90 

C 233 0 224 0 0 

D 213 0 205 0 90 

E 266 0 128 128 0 

F 283 0 136 136 90 

G 333 0 160 160 180 

H 280 280 134 0 0 

I 271 271 130 0 90 

 
Considering the experimentally measured fatigue resistance limits in fully reversed pure bending, f-1 = 357 MPa, 

and fully reversed pure torsion, t-1 = 275 MPa, a slight reduction in the overall fatigue resistance of the material 
should be expected, therefore biasing the models to predict a scenario of failure (positive I values). 

Furthermore, if the critical loading conditions were to drive the material into a critical state, once the fatigue 
resistance limits are reduced, one could expect to see fatigue failures when carrying out the tests. This will either attest 
that the material is inadequate for the application and/or the design loads are too high for the given steel, or it will 
permit one to assess on the conservativeness of the involved criteria. Either way, the inspection of the critical loading 
conditions is expected to reveal interesting results. 

 

2.4. Specimen geometry 

The fatigue resistance limits were previously determined (Machado et al., 2020) with the geometry depicted in Fig. 
6, where f-1=357 MPa and t-1=275 MPa correspond to the endurance limits under pure bending and pure torsion. In 
order to maintain consistency, the same geometry was chosen to the experiments within the present study. 

 

 
Fig. 6. Adopted specimen geometry 

3. Results and discussion 

The results relative to the FEM-extracted loading conditions are available in Table 6. As one can easily observe, 
all specimens regarding B06, B06’, B03 and B03’ managed to endure 10 million cycles without failure. This does not 
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come across as a surprise, as the loading conditions were well within the elastic regime and well below the uniaxial 
fatigue resistance limits of the material.  

 

Table 6. Experimental results for FEM-extracted loading conditions 

DIN 42CrMo4 
Loading 
condition 

σa 
[MPa] 

σm 
[MPa] 

τa 
[MPa] 

τm 
[MPa] β [ ° ] Experiment 1 

[cycles] 
Experiment 2 

[cycles] 
B03’ 54.12 41.31 111.60 0 235 10 M 10 M 

B06’ 98.23 97.41 100.91 0 0 10 M 10 M 

B03 95.43 0 111.60 0 235 10 M 10 M 

B06 195.63 0 100.91 0 0 10 M 10 M 

 
Given the fact that the other FEM-extracted loading conditions are less severe than the experimented ones, no 

further fatigue testing was required, as additional testing would only produce additional run-outs. Instead, the fatigue 
behaviour of the material can be securely assessed by discussing the error indices associated to each of the loading 
conditions. 

Fig. 7 presents the yielded error indices for the respective loading conditions B03’, B05’, A06’, B06’, A07’ and 
B10’, i.e, FEM-extracted loading conditions considering a mean normal stress. Accordingly, Fig. 8 presents the 
yielded error indices for the fully reversed FEM-extracted loading conditions B03, B05, A06, B06, A07 and B10. The 
average of all error indices for each loading conditions are presented below each set of bar graphs. 

 
As one would expect, all the loading conditions have yielded negative values of error indices, which is the condition 

where the fatigue resistance limits are greater than the driving forces to fatigue failure. Since the error indices are 
distant to nil, this indicates that the stresses to which the crankshaft was subjected in operation are adequate, not 
constituting a project design flaw. 
 

 
Fig. 7. Error indices for the FEM-extracted loading conditions including mean normal stress 
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Fig. 8. Error indices for the fully reversed FEM-extracted loading conditions 

 
The error indices relative to each loading condition provide the means to compare the prediction behaviour of the 

involved models. Regarding the loading conditions where normal mean stress is present (Fig. 7), the greatest 𝐼𝐼𝐼𝐼 values 
correspond to approximately -45%. The only observed exception is that Susmel & Lazzarin’s criterion yielded a 
significant number of error indices not so distant to zero. This can either indicate that the criterion is a lot more 
conservative in the presence of mean normal stress compared to the others, or that the presence of the mean normal 
stress exerts a negative influence on the output of this particular model. 

Regarding the fully reversed FEM-extracted loading conditions (Fig. 8), clearly the error indices were slightly 
increased when compared to error indices yielded from the loading conditions that included mean normal stresses. 
This is a direct consequence of the fact that including a superimposed mean normal stress at the cost of reducing the 
applied normal stress amplitude should, in fact, be less severe in terms of fatigue failure to the component. As a matter 
of fact, in a uniaxial scenario, if one was to raise the mean normal stress to the yield stress and reduce the normal 
stress amplitude to zero, the component should be expected to present anything but fatigue failing. This behaviour 
was already expected, and this is the reason why fully reversed loading conditions were also considered in the first 
place.  

Nevertheless, still the error indices are significantly low and far from a critical condition to failure. The highest 
values are relative to B06, being them around -30% for Matake and Findley, as well as -24% for Susmel & Lazzarin. 
The latter still presented 𝐼𝐼𝐼𝐼 values that were more conservative compared to the predictions obtained from the other 
criteria, only this time the values are better aligned with the error indices obtained from the other models.  

In terms of average values, all average values per loading conditions raised (became closer to zero) when the fully 
reversed loading conditions were considered. The most severe loading condition is B06, thus being the loading 
condition of most interest. The average shifted from -53% to -33%, which is still a safe condition to operate. Once 
again it is possible to conclude that the loads that the crankshaft experienced in its operation were adequate and the 
early observed failure is due to stress concentration possibly due to impurities within the material or to external 
localised damages that led to stress concentrations. 

Relative to the critical loading conditions, due to experimental problems, 7 experiments were discarded because 
the fracture took place out of the reduced cross-section region. At the time of fracture, they all had experienced around 
1.5M to 2M cycles, with one reaching up to 2.5 M cycles.  

An updated geometry that required less pressure from the collet of the testing system has been proposed (still under 
evaluation), and the run-out limit was established at 5M cycles. The experimental results are summarised in Table 7. 
Columns “experiment 1” and “experiment 2” are relative to the old geometry, while “experiment 3” is relative to the 
new geometry, which is still under evaluation. 
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Table 7. Experimental results for critical loading conditions 

DIN 42CrMo4 
Loading 
condition 

σa 
[MPa] 

σm 
[MPa] 

τa 
[MPa] 

τm 
[MPa] β [ ° ] Experiment 1 

[cycles] 
Experiment 2 

[cycles] 
Experiment 3 

[cycles] 
A 328 0 157 0 0   5 M 

B 286 0 137 0 90 140 k 10 M  

C 233 0 224 0 0 10 M 2.4 M 3 M (still running) 

D 213 0 205 0 90 10 M   

H 280 280 134 0 0   1 M (still running) 

 
Two failures (B1 and C2) were observed, while B2, C1 and D1 outlived 10M cycles. The new geometry indeed 

required less pressure from the collet, and A3 managed to outlive 5M cycles. Up to the present moment, C3 and H3 
are still running. The discarded experiments were relative to A1, A2, D2, E1, E2, H1 and H2. 

Since the fatigue experiments were limited to one order of magnitude above the expected fatigue-life for the critical 
conditions, run-outs were not to be expected. Furthermore, the error indices predicted a slight predominance of 
positive 𝐼𝐼𝐼𝐼 values, as can be seen in Fig. 9, which suggests that fatigue failures should eventually take place within the 
10M cycles. 

Findley predicted significantly high (positive) 𝐼𝐼𝐼𝐼 values for loading conditions H (52%) and I (46%), which are the 
ones considering a superimposed mean normal stress. Loading conditions E, F and G consider a superimposed mean 
shear stress, where Matake’s prediction was as high as 39% for loading condition G. 

 

 
Fig. 9. Error indices relative to the critical loading conditions 

 
On the other hand, significantly low predictions were delivered by Liu & Mahadevan (loading conditions F and G) 

and by McDiarmid (loading conditions B, F and I). This can indicate a non-conservative behaviour of the given 
models, once they might indicate that loads can be increased, what may lead the material into fatigue failure. 

The behaviour of the predictions relative to each model was summarised in Fig. 10, where each criterion is 
represented by the average of its own error indices. Averages located within the ±10% range are considered to be 
ideal, and positive values may be desirable as it indicates a slight biasing of the given model towards a conservative 
prediction behaviour. It is also important to mention that the criteria which did not meet the targeted ±10% are not 
necessarily inadequate, as this is an assessment of the criteria’s prediction behaviour within the context of this 
particular material including its own characteristics of metallurgy and mechanical properties. 

With that being said, the present study has observed that Papadopoulos’ criterion was the one to present the best 
overall performance, not only because its average is the closest to nil, but also because of its positive average which 
indicates a slight tendency towards conservativeness. In addition, the fact that it does not require critical plane 
determination is also an attractive characteristic, making its use a lot friendlier.  
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Fig. 10. Summary of the average of error indices relative to each individual criterion 

 
 

4. Conclusions 

Based on what is presented above, the following conclusions can be drawn: 
• The present study established a procedure to translate non-trivial stress states into a set of combined bending and 

torsion loading conditions that can be experimented in laboratory. 
• All FEM-extracted loading conditions yielded run-outs, indicating that the stresses observed in operation are 

adequate for the material in which the crankshaft is forged. 
• The FEM-extracted loading conditions yielded very negative error indices, which is in good agreement with the 

experimental observations, endorsing the idea that the designed loads are adequate to this particular material and, 
by themselves, do not constitute a design flaw. 

• Still relative to the FEM-extracted loading conditions, the error indices shifted to higher values (still negative) once 
the mean normal stress was disconsidered yielding a larger normal stress amplitude. In addition, the conservative 
behaviour of Susmel & Lazzarin was attenuated, revealing a better alignment with the other criteria’s prediction. 

• Despite experimental issues, critical loading conditions were considered, and run-out events were observed even 
though the run-out limit was set to one order of magnitude greater than the expected fatigue-life. 

• Error indices relative to the critical loading conditions were determined considering experimentally measured 
fatigue resistance limits. The error indices were therefore biased to fatigue failure predicting, but still remained 
close to zero. Such tendency to failure was not verified in experimental observations, where run-out events were 
observed. 

• Comparing the criteria’s predicting capability, Papadopoulos’ criterion yielded the least spread throughout the 
different loading conditions, presented the closest to nil average while still being adequately conservative. Its ease 
of use is also an interesting feature that endorses its use. 
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